In this paper we investigate certain solvable (n+1)-Engel groups and bounded left Engel groups. We show that these (n + 1)-Engel groups can be characterized as those groups in which the normal closure of each element in the group is nilpotent of class at most n. Similarly, the bounded left Engel groups investigated can be characterized as those groups in which the normal closure of each element is nilpotent.
Introduction
Given a group theoretic class X, we define the derived class of groups L(X) as the class of those groups in which the normal closure of each element in the group is an X-group. The property of being in the class L(X) is called the Levi-property generated by X. For example, the property of being a Dedekind group is a Levi-property. A group G is a Dedekind group if and only if the normal closure of each element in G is cyclic. Levi-properties were first introduced in [4] and are modeled after the groups first classified by F. W. Levi [7] where conjugates commute.
Let x, y be elements of a group G. The left n-Engel word is the left normed simple commutator [x, n y] = [x, y, . . . , y] where the y is repeated n times. A group G is a bounded left Engel group if there exists some n depending only on y such that [x, n y] = 1 for all x, y ∈ G. If for a fixed n, [x, n y] = 1 for all x, y in G then the group is called an n-Engel group.
The Levi-property generated by nilpotency, denoted by L(N), implies the bounded left Engel property. We will show below that L(N) is exactly the class of Fitting groups (Theorem 1). Since Fitting groups are locally nilpotent, all groups in L(N) are locally nilpotent. Every Baer group, i.e. a group with every cyclic subgroup being subnormal, is a bounded left Engel group. Since the class of Baer groups strictly contains the Fitting groups [9, 12.2 .10] in general we have L(N) is strictly contained in the class of bounded left Engel groups. For metabelian groups the property of being bounded left Engel is the Levi-property generated by nilpotency [6] . We will extend this result to a larger class of solvable groups.
The Levi-property generated by nilpotency of class n, denoted by L(N n ), is the variety of groups defined by the commutator law
This follows from the corollary below which in turn follows from a more general result dealing with outer commutator words [8, Theorem 4.3] .
Corollary 1 Let G be a group and let a be an elment of G. Then a G is nilpotent of class at most n if and only if for all x i in G, i = 1, . . . , n,
The class L(N n ) is contained in the class of (n + 1)-Engel groups. For n = 1 we have L(N 1 ) = E 2 which was observed by Levi, and for n = 2, L(N 2 ) = E 3 [5] where E n denotes the class of n-Engel groups. Examples of nilpotent and solvable groups found in [2] show L(N n ) is strictly contained in E n+1 for n = p + 1 where p is a prime.
In this paper we will show that for nilpotent groups of class at most n + 2, the property (n+1)-Engel can be characterized as the Levi-property generated by nilpotent of class n. Moreover, this restriction on the nilpotency class is sharp. For certain solvable groups of derived length 4 and 5, we will show that bounded left Engel and (n + 1)-Engel are Levi-properties generated by nilpotency and nilpotency of class n respectively. It is an open question whether all solvable groups of derived length 4 or 5 such that (n + 1)-Engel is the Levi-property generated by N n must be in this restricted class of solvable groups. A similar question arises for when bounded left Engel is the Leviproperty generated by N.
Results
We will first show that L(N) coincides with the class of Fitting groups. We then state our remaining results and defer their proofs until Section 3.
Theorem 1
The Levi property generated by nilpotency is exactly the class of Fitting groups.
Proof. Let G be a group in L(N). Then each element is contained in a normal nilpotent subgroup i.e. its normal closure hence it is a Fitting group [9, 12.2.10]. Suppose G is a Fitting group then each element is contained in a normal nilpotent subgroup which contains the normal closure of the element. It follows the normal closure of each element is nilpotent and G is in L(N). [2] construct a finite 4-Engel group of nilpotency class 6 in which there exists an element in the group whose normal closure is nilpotent of class exceeding 3. This example is best possible in the sense that there exist no nilpotent 4-Engel groups with class less than 6 which are not in L(N 3 ). We generalize this situation in the following theorem for any n ≥ 3:
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Theorem 2 Let n ≥ 3 be a natural number and let G be a group of nilpotency class n + 2. Then G is (n + 1)-Engel if and only if G ∈ L(N n ).
For solvable groups the situation is less straightforward. For metabelian (n + 1)-Engel groups it was shown in [6] that such groups are in L(N n ). For the class of center-by-metabelian (n + 1)-Engel groups the statement is also true [1] . However, for each prime p ≥ 3 there exists a solvable group of derived length 3 such that the group is (p + 2)-Engel and the normal closure of an element in this group is not nilpotent of any class [2] . We extend these examples to include solvable groups of every derived length. Our construction closely follows [2] .
Let k ≥ 2 be an integer and let p be a prime such that p > k. Then there exists a group G such that G is free nilpotent of class k of exponent p with countable rank. Let Z p G be the group ring of G over the integers modulo p and let
The set M p forms a group with the binary operation matrix multiplication. Let
It is straightforward to show that N p is an elementary abelian p-subgroup of M p . This together with G having exponent p implies
where the x i are the free generators of G
By an application of ( * ) we have
p be the dth term in the derived series of M p and let d = log 2 k +1. It follows from G being free nilpotent of class k that G is solvable of derived length exactly d and hence d is the smallest integer such that every
such that u = 0. This is seen by considering the element δ d (X 1 , . . . , X 2 d ) where the X i 's are as defined above and δ n is the commutator word recursively defined as
A group is called nearly center-by-metabelian [3] if it satisfies the commutator law
We will show (Proposition 1 below) such groups are second-center-bymetabelian and hence are solvable of derived length 4. The following theorem shows the nearly center-by-metabelian property is a sufficient condition for an (n + 1)-Engel group of derived length 4 to be in L(N n ).
Theorem 3 Let n ≥ 1 be a natural number and let G be a nearly center-bymetabelian group. Then G is (n + 1)-Engel if and only if G is in L(N n ).
We generalize Theorem 3 to solvable groups of derived length 5.
Theorem 4 Let n ≥ 4 be a natural number and let G be a group satisfying the commutator law
Then G is (n + 1)-Engel if and only if G is in L(N n ).
The restriction on n in Theorem 4 is required. The finite 4-Engel group constructed in [2] is nilpotent of class 6 and hence satisfies (2) but is not in L(N 3 ).
The proofs of Theorems 3 and 4 are based on showing the left Engel length of individual elements impose a nilpotency restriction on their respective normal closures. Hence we are able to characterize groups satisfying (1) and (2) which are in L(N) as being exactly those that are bounded left Engel.
Theorem 5 Let G be a group satisfying the commutator law (2). Then G is bounded left Engel if and only if G is in L(N).

Proof of the results
The following lemma will facilitate the proof of Theorem 2.
Lemma 1 Let n ≥ 2 be a natural number, and G be a nilpotent of class n + 1 group. Then the following identities hold for all g, x, u i ∈ G.
Proof. We prove the lemma by induction on the nilpotency class of G.
Suppose the statement is true for n ≥ 2. If G is nilpotent of class (n + 1) + 1 then G/Z (G) is nilpotent of class n + 1. By the induction hypothesis we obtain [g, 2 x, u 1 , . . . , u n−2 ] = [x g , x, u 1 , . . . , u n−2 ] −1 z for some z ∈ Z (G). Commuting with u n−1 and the nilpotency restriction yield
This completes the proof of (i).
(ii). For n = 2 we obtain by expanding
This together with (3) and the nilpotency restriction yields
Suppose the statement is true for n ≥ 2. We will show that if G is nilpotent of class (n + 1) + 1, then [x g 1 , . . . ,
is nilpotent of class n + 1. We obtain by the induction hypothesis
for some z ∈ Z (G). Commuting the above by x g n+1 yields
Because of the class restriction we can expand linearly and obtain
By (i) and the restriction on the class of G we observe
This together with (4) yields [
as desired. This completes the proof of the lemma.
Proof of Theorem 2. Let n ≥ 3 and let G be a nilpotent of class n + 2 group. Suppose G is (n + 1)-Engel. To show the normal closure of each element of G is nilpotent of class at most n we will show G satisfies the identity
Using (i) of Lemma 1 with u i = x for i = 1, . . . , n − 2 and the assumption that G is (n + 1)-Engel we have 1 = [g, n+1 x] = [x g , n x] −1 . Therefore, G satisfies (5) as needed.
Proposition 1 Every nearly center-by-metabelian group is second-center-bymetabelian. Every group satisfying (2) also satisfies the commutator identities
Proof. Let G be a nearly center-by-metabelian group. Let H = G/Z(G). By a similar use of the Three Subgroup Lemma the second claim follows.
The following lemmas provide the technical details to prove the remaining theorems. We prove Lemmas 2 and 3 for groups satisfying (2) with the appropriate restriction on the Engel length. Lemmas 2 and 3 state the case for nearly center-by-metabelian groups and are given without proof.
Lemma 2 Let G be a group satisfying the commutator law (2) . Let u ∈ γ 3 (G), v ∈ G , and j ≥ 1 an integer. Let a i ∈ G, i = 1, . . . , j. Then there exists an element w ∈ G such that the following commutator identities hold:
Proof. (i). We prove this identity by induction on j. (ii). This is an immediate consequence of (i) by observing
Hence [u, a 1 , . . . , a j ] −w = [u −1 , a 1 , . . . , a j ] as needed.
Lemma 2
Let G be a nearly center-by-metabelian group. Let u, v ∈ G , and j ≥ 1 an integer. Let a i ∈ G, i = 1, . . . , j. Then there exists an element w ∈ G such that the following commutator identities hold:
We define the set of left n-Engel elements of a group G as
Lemma 3 Let G be a group satisfying the commutator law (2) . Let a ∈ G and n ≥ 4 an integer. Then the following statements are equivalent:
(ii) a G is nilpotent of class at most n;
To show that a G is nilpotent of class at most n, we need to show [a g 1 , . . . , a gn , a] = 1 for all g i ∈ G [8] . We induct on k, the number of conjugates in [a g 1 , . . . , a g k , n−k+1 a]. For k = 1 and n ≥ 4 we obtain by using(ii) of Lemma 2 normal closure of every element in G is nilpotent of class at most n. Hence G ∈ L(N n ).
Suppose G satisfies (2). Then for n ≥ 4 the result holds similarly by Lemma 3.
Proof of Theorem 5. Let G be a group satisfying the commutator law (2) . Suppose G is a bounded left Engel group and let a ∈ G. It follows from G being bounded left Engel that a ∈ L n+1 (G) for some n. Choose m to be the maximum of {4, n}. Then a ∈ L m (G) as well. By Lemma 3 we have a G is nilpotent which is all that is required. Hence G ∈ L(N).
